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Abstract 
De Michele, L., M. Di Natale and D. Roux, Fejer kernels and noisy Fourier series, Journal of Computational 
and Applied Mathematics 49 (1993) 45-50. 
In this paper we give some estimates for implementation of a general method for inversion of noisy Fourier 
transform in the interesting case of Fejer means. 
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1. Introduction 
In [2-41 we gave a very general method for inversion of noisy Fourier series, tested 
numerically in [5]. The method is based on the use of approximate units and requires only very 
weak hypotheses on the kernels. All classical kernels (Fejer, Weierstrass, Poisson) satisfy these 
hypotheses; this is also true for the kernels constructed in [3] which are closely related to the 
minimization of the Peetre’s functional (see, e.g., [6, p.591). 
In [2,4] we also gave some a priori estimates of the rate of convergence of the method for 
Lipschitz classes K Lip(a, Lp), 1 <p < + ~0, or K Lip(a, C), 0 < cx < 1, in the case of norm 
convergence, and for Lebesgue classes K Leb(cr, t), 0 < (Y G 1, (introduced in [3]) in the case of 
pointwise convergence. These estimates require an additional condition on the kernels involved 
in the method. All classical kernels and Peetre kernels satisfy this condition, except the Fejer 
kernel in the case cr = 1. 
On the other hand, the obtained estimates are sharp. Then, if we relax the hypotheses on the 
kernels, in order to obtain theorems suitable also for the Fejer kernel, necessarily we get worse 
estimates. Since the Fejer kernel and the case (Y = 1 are both very important in the applica- 
tions, in this paper, with a careful analysis of this kernel, we obtain sharp estimates for (Y = 1. 
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2. Notations 
Let us now introduce some standard notations. If N 2 1, let ZN be the lattice of intege 
points of RN and TN = RN/ZN the N-dimensional torus. Let B be the Lebesgue space LP(UN) 
1 <p < + 00, or the space of continuous functions C(UN>, and denote their norm by )I - IlB. Fo 
our convenience, we identify TN with [ - 3, i]” = QN. 
Let p0 = min( p, 2) (for B = C(TN) we set p = + ~0) and q. such that l/p, + l/q, = 1 and le 
b = IqO(ZN> with the usual norm. 
If f~ L’(UN) or f E L’(RN>, we denote by f^ respectively the sequence of its Fourie 
coefficients 
2Tint dt, n E ZN, 
or its Fourier transform 
fi X) = /,f( y)e-2Tixy d y . 
For every u > 0, let us consider the F6jer N-dimensional kernel 
K,(t) = C une2Tint, a, = 
mes(S(0, 1/(2a)) f7 s(n, 1/(2a))) 
ITll<l/@ mes(S(O, 1/(2a))) ’ 
where S(x, r) is the sphere of RN centered at x with radiusA r. 
We recall (see [l]) that the function G E L’(RN> such that G(an) = k,(n) = a, for I n I < l/t 
and $an) = 0 otherwise has the form 
r(+N+ 1) 
G(x) = =N/2 
where J, is the Bessel function of the first kind. Since 
JVW = i-- 
-& cos(z - i(2V + l),) + o(Y3’*), (2.1 
for t > 0 and t --f +m, G satisfies the hypotheses of the theorems in [4], except the additiona 
hypotheses in [4, Theorems 2 and 41 in case (Y = 1. 
Therefore, if we set for every A = {An}nEh~, A E C, Vn, 
R,h(t) = C a,A,e2”i”t, t E UN, 
ITZl<l/U 
then, if 6 = Ilh -f^llb + 0 and G = a(6) is chosen in a suitable way, we have 
IIR @@)A -f llB -+ 07 (2.2 
and at every Lebesgue point of f, 
I K7,i3,w -f(t)\ -+ 0. (2.3 
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The aim of this paper is to give estimates of (2.2) for functions f~ K Lip(1, B) and of (2.3) 
for functions of the class K Leb(1, t). 
3. Norm approximation 
We recall that K Lip(cr, B), 0 < (Y < 1, is the class of f~ B such that for every u E TN the 
function Auf(t) =f(t + u) -f(t) satisfies 
IPA, ~KIC 
For these classes we have the following theorem. 
Theorem 1. Iffy K Lip(1, B), for every 6 2 0, 0 <(T G 1, 
p?,h -f IIB < 2$T logi(l + o(1)) + s~l{G(U&-‘“‘. 
Remarks. (1) By the Yudin Theorem [7], if 6 = 0 and B = C(TN), the previous evaluation is 
sharp. 
(2) If N = 1, we have 
IIIw4~ II: 
[l/o1 
=1+2 c (l-+$-2 ;- ; +0(l). 
1 i II) 
In particular, if l/a - [l/a] = 0, 
For every N > 1 we obviously have 
Proof of Theorem 1. We have 
II Rd -f IIB G II K&f Ile + II %(f- A) II& 
from [7], 
IIR,f”- f llB < ;Ku log; + O(a). 
Moreover, from [4, Lemma l] we have 
IIR,(f^-h)l(, < snpll{~(an)}ll~-2’p’= sll{e(,,))II~-‘“‘, 
since ap = j]GI]~-I’-*/PI= 1. q 
(3.1) 
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4. Pointwise approximation 
Let t E TN and 0 < (Y G 1. We say, see [3], that a function of L’(U’? belongs to the Lebesgue 
class K Leb(a, t) at the point t if for every Y, 0 < T- < +m, 
/ If*(x) -f(t)1 dx <KrN+“, 
Ix--tl<r 
where f* is the periodic continuation of f in RN. For these classes the following theorem 
holds. 
Theorem 2. Iffy B n K Leb(1, t), for every 6 > 0 when u + Of, 
IR&qt) -f(t)1 <Jim+ I)@ lob+1 + 41)) + “II(+4ll,~ 
where C = 2r(+N + 1)/7rN’2+1. 
Remarks. (1) Again by Yudin’s result it is not possible to get a better behaviour with respect to 
u for the complete class of functions. 
(2) If N = 1, we have 
~~{&n~)}~~~~ < 1 + 2101/7’ -(TX)‘” dx G ucp;+ 1> + 1. 
If N > 1, we have 
II{~c,4ll,, 6(;)“““* 
Proof of Theorem 2. We can always suppose t = 0, and we start evaluating f(O) - R,flO). Using 
[4, (5.311, we have 
If(O) -R,fiO)I <I/ G&M-x) -f(O)) dxi +I,=4 +I27 
QN 
where, arguing as in the proof of [4, Theorem 41, 
Z, <Kc(N)/ M(x) dx, 
RN-QN/2c7 
where M(x) = sup ess{ I G(y) I, I y I a I x II. From (2.1) we have 
M(r)<c, v’r>o, 
M(r) = 
2r(+N + 1) 
TN,2+1 rPCN+l)+ O(reN-*), for Y -+ co. 
Let, for every y > 0, 
c,(y) = sup M(r)rN’l, c = y&nmcl(Y) = 
2T(3N + 1) 
r>-Y 
=NN/2+1 ’ 
(4-l) 
(4.2) 
(4.3) 
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Then for every y > 0, (T < l/(47) we have 
2#/2 im 
I2 <KC(N)~ 
q iN) / 
rN-W(r) dr 
1/(4u) 
Let us now set f(x) =f(x) if x E QN, f(x) = 0 if x & Q”. Let 
S(r) = 4 ,= I K(x) -f(O)1 ds, 
x r 
where ds is the surface area element of the sphere I x I = r and 
F(r) = j)z) dz. 
If u < l/(47), we have 
From (4.1) we have 
I, < $c[& dr < KcyNflu, 
and from (4.31, 
I4 < ;/fl’2S(r) “‘$;+’ dr 
Ye 
~ c1(y)a 
,,;;i_W)l9’ + / 
@/2 (N + %W@ 
rN+2 
F(r) dr 
YP 
Gqy)Ka+c,(y)Ka(N+ p2; 
v 
1 
(N+ 1) log- + 1 + (N+ 1) log- 
(7 
From the evaluations of 12, 1X and 1, we obtain for every y > 0, 0 <(T < 1/(4y), 
If(O) -%f(O)l 
i 1 
<Kq(r)a (N+ 1) log- + 1+ (N+ 1) log- 
u 
Hence, by assuming y = log log l/u, we have, when u j O+, 
(f(0) -R,{(O)1 <AZ(N+ 1)~ lo&l +0(l)). 
50 
From [4, (5.4)] we have 
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and Theorem 2 follows. 0 
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